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Inflation and late-time acceleration from a double-well potential with cosmological
constant
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A model of a universe without big bang singularity is presented, which displays an early inflation-
ary period ending just before a phase transition to a kination epoch. The model produces enough
heavy particles so as to reheat the universe at temperatures in the MeV regime. After the reheating,
it smoothly matches the standard ΛCDM scenario.
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1. INTRODUCTION
Starting from the celebrated surveys of type Ia supernovae [1] as standard candles and from the anisotropy findings
in the power spectrum of the Cosmic Microwave Background (CMB) [2], which showed the evidence that the universe
is undergoing a phase of accelerated expansion –that started quite recently in redshift scale– the unified description of
early time inflation [3] and the current cosmic acceleration is one of the most attractive topics in cosmology nowadays.
Several possibilities, such as modified gravity [4], quintessential inflation [5, 6], the Horava-Lifshitz theory [7], or
entropic cosmology [8] have been put forward to actually perform this unification.
In [9], following the spirit of quintessential inflation and in order to unify it with the current cosmic acceleration,
the authors have proposed a model where the potential of the scalar field is a combination of a double-well inflationary
potential [11] and a cosmological constant. This model provides a (non geodesically past-complete) background that
could be obtained explicitly and allows to perform analytic calculations. It depicts a non-singular universe at finite
cosmic time (the big bang singularity being absent), which at early times exhibits an inflationary period followed by
an abrupt phase transition to a stiff matter dominated (kination or deflationary) regime [5, 10], able to produce, via
gravitational pre-heating, a number of particles large enough in order to reheat the universe and to eventually match
the standard ΛCDM model to high accuracy.
The aim of the present work is to study in detail some important aspects of this model and to explicitly calculate
most relevant quantities, as the value of the reheating temperature and the precise time when it does occur. In fact,
we will show that the obtained gravitational production of heavy, conformally coupled massive particles, with masses
of the order m ∼ 1012 GeV, leads to a reheating temperature in the MeV regime. This result is consistent with
the reheating temperature bounds coming from nucleosynthesis, which have been found to be of the order of 1 MeV
[12]. Moreover, this low temperature prevents a late time entropy production due to the decay of non-relativistic
gravitational relics such as gravitinos or moduli particles [13].
Furthermore, those heavy particles reach thermal equilibrium quite fast, namely in some 10−24 seconds after their
production, leading to a relativistic plasma that is able to reheat the universe some 10−5 seconds after the phase
transition. We will also compare our model, in the aspects mentioned, with the pioneering one proposed by Peebles
and Vilenkin [6], with the result that, owing to the smoothness of the phase transition in that very popular model,
reheating via heavy massive particle production leads, for particles with mass m ∼ 1012 GeV, to an abnormally small
temperature of about 102 eV.
The present paper is structured as follows. In Sect. 2 we present the model and the corresponding background
derived from it. Sect. 3 is devoted to the study of cosmological perturbations and it is there shown that our model
fits well recent observational data. The reheating process is studied in detail in Sect. 3, where we prove, in particular,
that our model leads to reheating temperatures in the MeV regime. Finally, in the last section all the evolution of
the inflation field from the phase transition to the present epoch is discussed.
The units used throughout the paper are ~ = c = 1.
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22. THE MODEL
The gravitational model here considered is endowed with a cosmological constant, Λ ≡ 4λ4M4pl (λ being a dimen-
sionless parameter different from zero and Mpl the reduced Planck’s mass), and a potential with the form (see [9] for
a detailed description)
V (ϕ) =
{
9λ¯4
(
ϕ2 − 23M2pl
)2
for ϕ < ϕE
4λ4M4pl for ϕ ≥ ϕE ,
(1)
where ϕE = −Mpl
√
2
3
√(
λ
λ¯
)2
+ 1, and λ¯  λ is another dimensionless parameter. As we want the cosmological
constant to dominate at present time, we have to impose λ4M4pl ∼ H20M2pl =⇒ λ ∼ 6 × 10−31 where we take into
account that the current value of the Hubble parameter is H0 ∼ 6× 10−61Mpl.
An important property of the potential (1) is that the conservation equation
ϕ¨+ 3Hϕ˙+ Vϕ = 0, (2)
has the following solution
ϕ(t) =

−Mpl
√
H(t)√
3λ¯2Mpl
− 23 for t < 0
− 23Mpl ln
(√
3H2(t)−2λ2M2pl+
√
3H(t)√
3H2E−2λ2M2pl+
√
3HE
)
+ ϕE for t > 0,
(3)
where HE =
2Mpl√
3
(
2λ¯2 + λ2
)
and H(t) is the background coming from the potential
H(t) =

2Mpl√
3
(
λ¯2 + (λ¯2 + λ2)e−8
√
3λ¯2Mplt
)
for t < 0
2λ2Mpl√
3
(
λ¯2+λ2+λ¯2e−4
√
3λ2Mplt
λ¯2+λ2−λ¯2e−4
√
3λ2Mplt
)
for t > 0.
(4)
For this background, the effective equation of state (EoS) parameter weff (t) = −1− 2H˙3H2 satisfies
weff =

−1 for t − 1
λ¯2Mpl
1 for 0 < t 1λ2Mpl
−1 for t 1λ2Mpl .
(5)
This means that both at very early and at late times the universe is nearly de Sitter, thus providing a good description
of the inflationary era, and of the current cosmic acceleration, respectively. Moreover, after inflation the universe
experiences a phase transition to a kination phase, where heavy particles are produced in a sufficient amount in order
to be able to reheat the universe, in accordance with the observational bounds.
Note also that the Hubble parameter, and thus the energy density, only diverge when t→ −∞. This means that the
big bang singularity (understood as a divergence of the energy density at finite, early cosmic time) is not present in
this model. Actually, in analogy with the so-called little rip singularity where the EoS parameter tends asymptotically
to −1 at future time (see, for instance, [14, 15]), we may argue that, in our model, the universe starts in a little bang.
Moreover, following the arguments given in [16], we will see that our background is not past-complete. This can be
easily realized, because for t < 0 the scale factor in our model is given by
a(t) = aEe
− λ¯2+λ2
12λ¯2
e−8
√
3λ¯2Mplt
e
2Mpl√
3
λ¯2t
, (6)
and thus, the maximum affine parameter λ˜max ≡ 1aE
∫ 0
−∞ a(t)dt is finite, meaning that any backward-going null
geodesic has a finite affine length, i.e., it is past-incomplete. The same happens with massive particles moving along
time-like geodesics, in this case let p0 6= 0 be the three-momentum at time t = 0, then, the maximum proper time
τmax ≡
∫ 0
−∞
ma(t)√
m2a2(t)+p20a
2(0)
dt will also be finite.
3In the same way, by choosing periodic potentials one can find a universe starting and ending in a de Sitter phase (see
Eqs. (26) and (68) of [17]). The background actually leads to a universe (although not geodesically past-complete)
where the energy density never diverges.
Finally, note that this analysis is at the classical level, while for energy densities at Planck scales the classical
picture losses it sense. In fact, from the best of our knowledge the only way to have a nonsingular universe which is
geodesically complete is in the context of bouncing cosmologies [18], where in order to obtain a bounce one needs to
introduce nonstandard matter fields [19] or to go beyond General Relativity [20].
3. COSMOLOGICAL PERTURBATIONS
We first review some results obtained in [9] and start by introducing the main slow roll parameters [21],
 = − H˙
H2
, η = 2− ˙
2H
, (7)
needed to calculate the parameters associated with the power spectrum, namely the spectral index (ns), its running
(αs), and the ratio of tensor to scalalar perturbations (r), defined by
ns − 1 = −6+ 2η, αs ≡ dns
d ln(aH)
=
Hn˙s
H2 + H˙
, r = 16. (8)
Now, taking de derivative with respect to the cosmic time of our background (4), we see that, for t < 0, we have
H˙ = −8λ¯2Mpl(
√
3H − 2λ¯2Mpl), (9)
and, introducing a new variable x ≡ 8
√
3λ¯2Mpl
H , the slow roll parameters (7) can be expressed, in an alternative way,
as
 = x
(
1− x
12
)
, η = +
x
2
. (10)
As a consequence, we find ns − 1 = −3x+ x23 and r = 16x− 4x
2
3 , which depict a curve on the plane (ns, r) (Fig. 1).
Note that, since ns = 0.9583 ± 0.0081 [22], one has x = 92
(
1−
√
1− 4(1−ns)27
)
∼ 10−2. Then, due to this small
value of x and using (10), one has  ∼= x. Moreover, we will have ns − 1 ∼= −3x and r ∼= 16x, meaning that the curve
in the plane (ns, r) is approximately the straight line ns− 1 = − 316r, which is the same that one obtains for a quartic
potential V (ϕ) = λ0ϕ
4. Effectively, for that potential we have to use the formulas
 ∼= M
2
pl
2
(
Vϕ
V
)2
=
8M2pl
ϕ2
and η ∼= M
2
plVϕϕ
V
=
12M2pl
ϕ2
. (11)
A simple calculation leads finally to
ns − 1 = −
24M2pl
ϕ2
r =
128M2pl
ϕ2
=⇒ ns − 1 = − 3
16
r. (12)
Another relevant quantity is given by N ≡ ∫ tend
t
H(s)ds, namely the number of e-folds from observable scales exiting
the Hubble radius towards the end of inflation, where we choose, as usual, that inflation ends when  = 1; that is,
when the Hubble parameter has the value Hend =
8
√
3λ¯2Mpl
6(1−
√
2/3)
. Then, since weff (H) = −1+ 23, the inflationary period
will end when weff (Hend) = − 13 , which implies that the universe will subsequently enter into a decelerating phase.
To calculate the number of e-folds, we will perform the change of variable H = H(t), thus obtaining the formula
N(H) = − ∫H
Hend
H
H˙
dH, which after inserting (4) and (9) in it leads to the following equation
N(x) =
1
x
− 1
xend
+
1
12
ln
(
12− x
12− xend
xend
x
)
, (13)
where xend = 6(1−
√
2/3) ∼= 1.1010 denotes the value of the parameter x when inflation ends.
4FIG. 1: Marginalized joint confidence contours for (ns , r), at the 68 % and 95 % CL, in the presence of running of the spectral
indices. The black path corresponds to the curve (ns(x), r(x))) of our model (Figure courtesy of the Planck2015 Collaboration).
In order to check for the viability of the model, we consider the 2-dimensional marginalized confidence level on the
plane (ns, r) in the presence of running, since our model includes it (from the second formula of (8) one easily deduces
that αs ∼= −3x2), see Fig. 1 –where the black path corresponds to the curve ((ns(x), r(x)) as coming from our model.
Planck2013 and Planck2015 observations respectively constraint our parameter x as follows. Planck2013 data [22] at
95% CL constraint the parameter x to the interval [0.0075, 0.0156] which means that the number of e-folds is bounded
between 64 ≤ N(x) ≤ 133. On the other hand, Planck2015 TT+low P data [23] at 95% CL constraint the parameter
x to be in the range [0.0061, 0.0124], and hence, 80 ≤ N(x) ≤ 163.
As we will show at the end of this section (see formula (22)), nucleosynthesis bounds constrain the number of e-folds
from 70 to 80, as a consequence our model matches perfectly with the Planck2013 data.
To determine the value of the parameter λ¯, one has to take into account the theoretical [21] and the observational
[24] values of the power spectrum when the pivot scale, namely k∗, crosses the Hubble radius
P ∼= H
2
∗
8pi2M2pl
∼= 24λ¯
4
pi2x3
∼= 2× 10−9, (14)
where H∗ denotes the value of the Hubble parameter when the pivot scale leaves the Hubble radius. Finally, using
the values of x in the range [0.0075, 0.0156], we conclude that
λ¯ ∼ 10−4. (15)
To get more in touch with observational data, we note that, for a given k-mode, we can write
k
a0H0
= e−Nk
Hk
H0
aend
a(0)
a(0)
aR
aR
aM
aM
a0
= e−Nk
Hk
H0
aend
a(0)
ρ
−1/12
R ρ
1/4
M
ρ1/6(0)
aM
a0
, (16)
where R (resp. M) denotes the point when radiation (resp. matter) starts to dominate, Nk is the number of e-folds
from the k-mode exiting the Hubble radius to the end of inflation, Hk is the value of the Hubble parameter when the
k-mode leaves the Hubble radius, and we have used the relation between the scale factor and the energy density in
the corresponding different phases (
a(0)
aR
)6
=
ρR
ρ(0)
,
(
aR
aM
)4
=
ρM
ρR
. (17)
Then, for modes in the current horizon scale k = a0H0, one has
Nhor = ln
(
Hhor
H0
)
+ ln
(
aend
a(0)
)
+
1
4
ln
(
ρM
ρR
)
+
1
6
ln
(
ρR
ρ(0)
)
+ ln
(
aM
a0
)
. (18)
5If we assume, as usual, that inflation ends when the universe starts to decelerate ( = 1), this means H˙ = −H2; in
our model, this will happen when e−8
√
3Mplλ¯
2tend ∼= 10, thus, Hend ∼= 20Mplλ¯
2
√
3
and aend = 0.35a(0), and, therefore,
ln
(
aend
a(0)
) ∼= −1.04.
Using a0aM = 3360 [25], one obtains ln
(
aM
a0
) ∼= −8.12. Further, from (14) we also have
ln
(
Hhor
H0
)
∼= 130.75 + 1
2
lnx. (19)
Now, since the current temperature of the cosmic background is T0 = 2.73 K and the conservation of entropy implies
TM =
a0
aM
T0 ∼ 9× 103 K ∼ 9× 10−10 GeV, using that
(
ρM
ρR
)1/4 ∼= TMTR , we obtain that
1
4
ln
(
ρM
ρR
)
∼= −20.83− ln
(
TR
GeV
)
. (20)
Moreover, for our model it turns out that ρ
1
4 (0) ∼= 2λ¯Mpl ∼ 2× 1014 GeV. Then,
1
6
ln
(
ρR
ρ(0)
)
=
2
3
(
−32.57 + ln
(
TR
GeV
))
. (21)
Finally, collecting all the results above, it follows that we obtain
Nhor ∼= 79.04 + 1
2
lnx− 1
3
ln
(
TR
GeV
)
, (22)
what means that if the reheating temperature –with the purpose to ensure the success of nucleosynthesis– needs
to belong in the range between 109 GeV and 1 MeV, then the number of e-folds must lie between 70 and 80. In
particular, when the reheating temperature is of the order of 10 MeV –the scale we obtain if reheating is due to the
creation of heavy particles with masses of about 1012 GeV during the phase transition– the number of e-folds of the
universe expansion in our model, from modes in the current horizon scale exiting the Hubble radius towards the end
of inflation, is approximately 78.
We observe that this number of e-folds is larger than the one obtained if it is assumed that there is not a substantial
drop of energy density during the last stages of inflation (ρhor ∼= ρend) and that the universe reheats immediately
after the end of it (ρR ∼= ρend). Then, a simple calculation leads to Nhor ∼= 68.25 + 14 ln
(
ρhor
M4pl
) ∼= 64.6 + 14 lnx ∼= 62
[26]. In fact, from those results we can see that such assumptions are unjustified, because in our model the drop of
energy density plus a reheating temperature compatible with nucleosynthesis leads to an increase of between 8 and
12 e-folds. Moreover, there is a key difference between standard inflation, where the potential has a minimum and
particle production is due to the oscillations of the inflaton, and quintessential inflation, because in the first case it
is usually assumed that from the end of inflation onto reheating the universe is matter dominated, leading to the
formula [26]
Nhor ∼= 64.6 + 1
4
ln +
1
4
ln
(
ρhor
ρend
)
+
1
12
ln
(
ρR
ρend
)
, (23)
which gives, for admissible reheating temperatures, between 50 and 60 e-folds. However, in quintessential inflation
after the phase transition to reheating the universe is stiff matter dominated, leading to the expression (recall that in
our model x ∼= )
Nhor ∼= 64.6 + 1
4
ln + ln
(
aend
a(0)
)
+
1
4
ln
(
ρhor
ρ(0)
)
− 1
12
ln
(
ρR
ρ(0)
)
, (24)
which, we have showed, gives between 70 and 80 e-folds. The main difference lies in the sign of the last term: in the
first expression is positive, which means that the number of e-folds decreases, while in the second one it is negative,
and thus, the number of e-folds will grow.
A final remarks are in order: Here we have calculated the number of e-folds for modes in the current horizon scale
k = a0H0. However, if one chooses modes, as in the [22], in the scale of k = 0.005 Mpc
−1, then the number of e-folds
is reduced in 5 units, and thus, for our model, it will lie between 65 and 75. This result agrees with Planck2013 data
(see figure 1), because as we have already explained, at 95.5% C.L., for our model, Planck2013 data constrains the
number of e-folds to lie between 64 and 133.
64. THE REHEATING PROCESS
When dealing with the so-called inflationary non-oscillatory models [27], i.e, models where the potential does not
have an absolute minimum, preheating occurs due to a sudden phase transition from an inflationary phase to another
one. There, the breakdown of adiabaticity leads to the production of particles coupled to gravity. For instance, in
[28] the production of massless nearly conformally coupled particles originated in a sudden transition from inflation
to the radiation era is studied.
Here, we will discuss the production of heavy massive χ-particles (m  λ¯2Mpl) conformally coupled to gravity
coming from a phase transition to a kination regime (see [29] for details).
Working in Fourier space, the dynamical equation of the χ-particles is the same as an harmonic oscillatory
χ′′k + ω
2
k(τ)χk = 0, (25)
where the derivatives are taken with respect to the conformal time τ and the time dependent frequency of the k-mode
is given by ωk(τ) =
√
k2 +m2a2(τ).
In this case, since for our model (4) the second derivative of the Hubble parameter is nearly continuous at the
transition point (the difference between the second derivative immediately before and after the phase transition being
of order λ2λ¯4M3pl ∼ 10−77M3pl), to take into account particle production during the adiabatic regimes, one has to
use the second-order WBK solution (the first order WKB solution only contains first order derivatives of the Hubble
parameter that, for our models, are always continuous, meaning that using this approximation it is impossible to take
into account particle production) with the purpose to approximately define, before the transition time, the vacuum
modes [30]
χWKB2,k (τ) ≡
1√
2W2,k(τ)
e−i
∫ τ W2,k(τ¯)dτ¯ , (26)
where the analytic expression of W2,k was calculated in [31]
W2,k = ωk − m
2a4
4ω3k
(H˙ + 3H2) +
5m4a6
8ω5k
H2 +
m2a6
16ω5k
(
...
H + 15H¨H + 10H˙
2 + 86H˙H2 + 60H4)
−m
4a8
32ω7k
(28H¨H + 19H˙2 + 394H˙H2 + 507H4) +
221m6a10
32ω9k
(H˙ + 3H2)H2 − 1105m
8a12
128ω11k
H4. (27)
Note that, near the transition time, the adiabatic condition
ω′k
ω2k
 1 (the derivative is taken with respect to the
conformal time) is fulfilled, because one has
ω′k
ω2k
=
m2a3H
ω3k
∼ H
m
∼ λ¯
2Mpl
m
 1, (28)
what justifies the use of (26) to approximate the vacuum modes near the transition time. However, at the transition
time the positive and negative frequencies mix, and after the abrupt phase transition the vacuum modes become
approximately
αkχ
WKB
2,k (τ) + βk(χ
WKB
2,k )
∗(τ), (29)
where αk and βk are Bogoliubov coefficients.
Then, impossing the continuity of the first derivative of (26) and (29) at the transition time, one obtains the system{
χWKB2,k (τ
−
E ) = αkχ
WKB
2,k (τ
+
E ) + βk(χ
WKB
2,k )
∗(τ+E )
d
dτ χ
WKB
2,k (τ
−
E ) = αk
d
dτ χ
WKB
2,k (τ
+
E ) + βk
d
dτ (χ
WKB
2,k )
∗(τ+E ),
(30)
where χWKB2,k (τ
−
E ) (resp. χ
WKB
2,k (τ
+
E )) is the value of χ
WKB
2,k (τ) before (resp. after) the phase transtion time τE . Simple
algebra shows that the βk-Bogoliubov coefficient is given by (see [29, 30])
βk =
W[χWKB2,k (τ−E ), χWKB2,k (τ+E )]
W[(χWKB2,k )∗(τ+E ), χWKB2,k (τ+E )]
, (31)
where W[f(τ−E ), g(τ+E )] ≡ f(τ−E )g′(τ+E )− f ′(τ−E )g(τ+E ) is the Wronskian of the functions f and g at time τE .
7Taking into account that the only discontinuous term in (27) is m
2a6
...
H
16ω5k
, it is not difficult to show that the squared
modulus of the Bogoliubov coefficient is given by
|βk|2 ∼=
m4a12E
(...
H(0+)− ...H(0−)
)2
1024(k2 +m2a2(0))6
, (32)
where
...
H(0−) (resp.
...
H(0+)), is the value of the second derivative of the Hubble parameter before (after) the phase
transition. Recall that, for our model, this quantity is discontinuous at the transition time.
From here, using that
∫∞
0
y2
(y2+1)6 dy =
7!!
10!!
pi
2 , the number density of produced particles and their energy density
are, respectively, [32]
nχ(t) ≡ 1
2pi2a3(t)
∫ ∞
0
k2|βk|2dk ∼ 5λ¯6M3pl
(
λ¯2Mpl
m
)5(
a(0)
a(t)
)3
, ρχ(t) ≡ 1
2pi2a4(t)
∫ ∞
0
ωk(t)k
2|βk|2dk ∼ mnχ(t).(33)
Since these heavy particles are far from thermal equilibrium, they will decay into lighter particles, which will interact
through multiple scattering, and thus, redistribute their energies to achieve a relativistic plasma phase in thermal
equilibrium (for a more detailed explanation, see [33, 34]).
To calculate the moment when thermalization occurs, we will use the thermalization process depicted in [34], where
the cross section is given by σ = α3ρ
− 12
χ (0), with α2 ∼ 10−3. Then, the thermalization rate is
Γ = σnχ(0) = α
3
(
nχ(0)
m
) 1
2
∼ α3
(
λ¯2Mpl
m
)3
λ¯2Mpl. (34)
Equilibrium is reached when Γ ∼ H(teq) = λ¯2Mpl
(
a(0)
aeq
)3
, obtaining a(0)aeq ∼ α
λ¯2Mpl
m . Thus, at the time of equilib-
rium, the energy densities of the produced particles and background are, respectively,
ρχ(teq) ∼ 5α3λ¯8
(
λ¯2Mpl
m
)7
M4pl, ρ(teq) ∼ 3α6λ¯4
(
λ¯2Mpl
m
)6
M4pl. (35)
After this thermalization, the relativistic plasma evolves as ρχ(t) = ρχ(teq)
(
aeq
a(t)
)4
, and the background evolves as
ρ(t) = ρ(teq)
(
aeq
a(t)
)6
, because we are in the kination regime. Reheating is obtained when both energy densities are of
the same order, and this will happen when
aeq
aR
∼
√
ρχ(teq)
ρ(teq)
. Thus, we obtain a reheating temperature of the order
TR ∼ ρ
1
4
χ (teq)
√
ρχ(teq)
ρ(teq)
∼ α− 34 λ¯4
(
λ¯2Mpl
m
) 9
4
Mpl ∼ 103
(
λ¯2Mpl
m
) 9
4
GeV. (36)
As an example, if we consider heavy particles with mass m ∼ 1012 GeV (recall that the condition m λ¯2Mpl, implies
m 1010 GeV), the temperature reduces to TR ∼ 3× 10 MeV, that is, we obtain a temperature in the MeV regime.
Note that there are different thermalization processes. For example, in [33] the authors propose the following
thermalization rate Γ = α2n
1
3
χ , which has been used recently in [9] in order to calculate the reheating temperature.
In fact, for that process the reheating temperature is approximately
TR ∼∼ 104
(
λ¯2Mpl
m
) 19
8
GeV, (37)
which for masses satisfying m ∼ 1012 GeV, is of the order of 102 MeV.
Finally, since we have the explicit form of the Hubble parameter in (4), we can calculate the time when reheating
occurs, via the equality
3M2plH
2(tR) ∼ α−3λ¯16
(
λ¯2Mpl
m
)9
M4pl. (38)
8Using the approximation e−4
√
3λ2MpltR ∼= 1− 4
√
3λ2MpltR, one can see that H(tR) ∼ t−1R , and thus
tR ∼ α 32 λ¯−8
(
λ¯2Mpl
m
)− 92 1
Mpl
. (39)
In the case of particles with mass m ∼ 1012 GeV, using that tpl ∼ 5× 10−44s, we obtain that the time from the phase
transition to the end of reheating is of the order of
tR ∼ 5× 1038 1
Mpl
∼ 2× 10−5s. (40)
In the same way we can calculate when the equilibrium will occur, via the identity ρ(teq) = 3H
2(teq)M
2
pl, thus
obtaining
H(teq) ∼ α3λ¯2
(
λ¯2Mpl
m
)3
Mpl =⇒ teq ∼ α−3λ¯−2
(
λ¯2Mpl
m
)−3
1
Mpl
, (41)
which, in the case m ∼ 1012 Gev, becomes teq ∼ 10−24s.
A last important remark is in order. In [6] the authors proposed the following model
V (ϕ) =
{
λ1(ϕ
4 +M4) for ϕ ≤ 0
λ1M
8
ϕ4+M4 for ϕ ≥ 0,
(42)
where, to match with observations, the dimensionless constant λ1 has to be of order 10
−14.
Since the derivatives of the potential are continuous up to order three included, it turns out that the first disconti-
nuity in the Hubble parameter appears in the fifth derivative. In fact,
d5H(t+E)
dt5 −
d5H(t−E)
dt5 ∼ λ1ϕ˙
4(tE)
M2pl
, where tE is the
transition time.
In order to calculate this quantity, we need do some considerations. First of all, for our model [1] the Hubble
parameter at the transition time is HE ∼= 4λ¯
2Mpl√
3
, and since its value when the pivot scale leaves the Hubble radius is
H∗ ∼= 8
√
3λ¯2Mpl
 , the energy drops by approximately
HE
H∗
∼= 6 . Second, we will assume that for the Peebles-Vilenkin
model one has an energy drop of the same order. Then, being so that when the pivot scale leaves the Hubble radius
all the energy density is potential one, we will have H∗ =
√
V (ϕ)
3
∼= 8
√
λ1√
3
Mpl, where we did approximate the potential
by V (ϕ) = λ1ϕ
4, and we have used the first equation of (11). We thus obtain that at the transition time the Hubble
parameter is approximately HE ∼ 4
√
λ1
3
√
3
Mpl, for such model. Finally, since at the transition time all the energy density
is kinetic, we will have ϕ˙(tE) =
√
6HEMpl ∼
√
λ1M
2
pl, what means that
d5H(t+E)
dt5 −
d5H(t−E)
dt5 ∼ λ31M6pl.
On the other hand, using the WKB approximation at a higher order, it follows that the square modulus of the
β-Bogoliubov coefficient is
|βk|2 ∼
m4a16E λ
6
1M
12
pl
(k2 +m2a2E)
8
, (43)
what means that in the Peebles-Vilenkin model the number density of particles produced at the transition time,
namely nPVχ (tE), is given by
nPVχ (tE) ∼ λ
3
2
1
(√
λ1Mpl
m
)9
M3pl. (44)
Note the relation λ1 = 4λ¯
4; thus, to compare both models one has to choose
√
λ1 ∼ 10−8. In this situation, dealing
with particles of mass m ∼ 1012 GeV, we find nPVχ (tE) ∼ 10−42M3pl which is 8 orders smallers than the number density
of particles obtained in our model, and thus, we conclude that the Peebles-Vilenkin model leads to an abnormally
small reheating temperature. Actually, following the same steps as above one finds, for that model, a reheating
temperature of the order TPVR ∼ α−
3
4λ1
(√
λ1Mpl
m
) 19
4
Mpl ∼ 103
(√
λ1Mpl
m
) 19
4
GeV. This means that for particles with
mass m ∼ 1012 GeV, the reheating temperature, in the Peebles-Vilenkin model would be of the order TPVR ∼ 3×10−7
GeV ∼ 3× 102 eV ∼ 3× 106 K, which is in fact a very low temperature.
9For further comparison, even lower reheating temperatures appear, in the above sense, in the models of [5], where
some very smooth potentials are chosen in order to describe universes with an early inflationary period and a late-time
acceleration, leading indeed to very small reheating temperatures. In all that papers, however, it is never assumed
that reheating is due to particle production of heavy particles conformally coupled to gravity, on the contrary, it
is arguably produced there by light particles not conformally coupled with gravity (recall that massless conformally
coupled particles are never at play), and previous results about reheating obtained in [28, 35, 36] are used. The
problem is that these results are model dependent and that, in all of them, an abrupt phase transition is crucially
assumed –in order to get the necessary high amount of particle production– what invalidates their application to
models with a smooth phase transition (see the discussion in [9]).
5. EVOLUTION AFTER REHEATING
At the reheating time the kinetic energy of the field will be of the same order of the energy density of the universe
ϕ˙2(tR) ∼ ρ(tR), because the potential energy is given by V (ϕ) = 4λ4M4pl ∼ 10−121M4pl, which is smaller than the
energy density at reheating.
To find the evolution of the scalar field after reheating, note that when the relativistic plasma starts to dominate,
the Hubble parameter is given by
H(t) =
HR
1 + 2(t− tR)HR , (45)
where HR ∼
√
ρ(tR)
Mpl
∼ ϕ˙(tR)Mpl , what means that the scalar field satisfies the equation
ϕ¨+
3HR
1 + 2(t− tR)HR ϕ˙ = 0, (46)
which solution is
ϕ˙(t) =
ϕ˙(tR)
(1 + 2(t− tR)HR)
3
2
. (47)
Since matter decays as a−3 and radiation as a−4, the universe enters into a matter domination regime at tM , which
can be calculated as follows. As we have seen in Sect. 3, due to the adiabatic regime after the phase transition, the
temperature at the beginning of matter domination will be TM ∼= 9× 103 K. Then, using that ρ(tM ) ∼ H2(tM )M2pl ∼
M2pl
t2M
∼ T 4M , one gets tM ∼ MplT 2M ∼ 10
54 1
Mpl
∼ 1010 s ∼ 3× 102 y.
As a consequence, for times after tM , the field satisfies the equation
ϕ¨+
6HM
2 + 3(t− tM )HM ϕ˙ = 0, (48)
where HM ∼= HR1+2(tM−tR)HR is the value of the Hubble parameter at the beginning of the matter domination epoch.
The solution of (48) is
ϕ˙(t) =
ϕ˙(tM )
(2 + 3(t− tM )HM )2
, (49)
where now ϕ˙(tM ) ∼= ϕ˙(tR)
(1+2(tM−tR)HR)
3
2
.
At some given time tΛ the cosmological constant starts to dominate; this happens when
H2(tΛ)M
2
pl ∼ λ4M4pl =⇒ (tΛ − tM )−1 ∼ λ2Mpl, (50)
that is, when tΛ ∼ tM + 1020s ∼ tM + 3×1012y. Further, when the cosmological constant dominates the fied equation
will be
ϕ¨+
√
12λ2Mplϕ˙ = 0, (51)
10
which solution is
ϕ˙(t) = ϕ˙(tΛ)e
−√12λ2Mpl(t−tΛ), (52)
where
ϕ˙(tΛ) =
ϕ˙(tM )
(2 + (tΛ − tM )HM )2 ∼
ϕ˙(tM )λ
4M2pl
H2M
=
ϕ˙(tR)λ
4M2pl
H2R
(1 + 2(tM − tR)HR) 12
∼ λ
4M4pl
ρ
1
2
χ (tR)
(1 + 2(tM − tR)HR) 12 
λ3M3pl
ρ
1
4
χ (tR)
, (53)
where we have use that tM − tR  tΛ − tM ∼ λ−2 1Mpl .
From this result, we conclude that at the time tΛ the ratio of the kinetic to the potential energy is bounded
R ≡ ϕ˙
2(tΛ)
λ4M4pl
 λ
2M2pl
ρ
1
2
χ (tR)
∼ α 32
(
λ
λ¯4
)2(
λ¯2Mpl
m
)− 92
∼ 2× 10−31
(
λ¯2Mpl
m
)− 92
. (54)
We realize that for heavy particles with mass m ∼ 1012 GeV, this ratio satisfies R  2 × 10−22  1, meaning that
at present time the kinetic energy of the field is sub-dominant and it will be the potential one which will drive the
universe evolution.
6. CONCLUSIONS
We have considered a model that unifies inflation with the current cosmic acceleration via a single scalar field
whose potential is the combination of a double well inflationary potential and a cosmological constant. The model
provides a background that is free from a big bang singularity, and which can be studied analytically, as we have here
shown. It exhibits an early inflationary period where, for observable modes, the universe inflates for a number of 70
to 80 e-folds. This number seems large as compared with the usual range of e-fold values used to discard inflationary
models. The reason behind is that, in standard inflation, where the potential as a minimum of energy and particle
production is due to the oscillations of the inflaton, the universe evolves, from the end of inflation to reheating, as if it
were matter dominated. However, in quintessential inflation, from the phase transition all the way to reheating, the
universe evolves instead as if it were driven by an stiff fluid, and it is this difference that is responsible for an increase
in the number of e-folds in favor of non-oscillatory models.
At the end of the inflationary period, the universe experiences a sudden phase transition to a kination phase, where
heavy massive particles are created which reheat the universe some 10−5 seconds after they appear. At that point the
universe enters into a radiation regime that finishes, as we have calculated, some 300 years after the phase transition,
the universe then becoming matter dominated. This domination lasts, as has been here shown, for about 3 × 1012
years after the beginning of the matter domination stage, until the cosmological constant starts to rule the universe
evolution, what is still happening today.
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